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Let E be an elliptic curve defined over Q having no complex multiplication, and 
let x&x) be the number of supersingular primes p < x. The aim of this paper is to 
show that 
Kc(X) = 0 
x 
( > 
2E (log x) - ’ 
which improves a result of !Serre. 0 1990 Academic Press, Inc. 
0. INTRODUCTION 
Let E be an elliptic curve defined over Q having no complex multiplica- 
tion, and let nE(x) be the number of supersingular primes p < x. Lang and 
Trotter [S] have conjectured that 
fi TE(X) - c,--- log x’ 
where CE is a constant (possibly zero) depending only on E. 
The best unconditional upper bound so far for xE(x) is that of J.P. Serre 
(1981) [15], that is, 
The aim of this paper is to improve Serre’s result by showing that 
‘dx) = ’ ( (,og-$-e). 
The contents are organized as follow. In Section 1, we shall recall the 
relevant known facts in this area, state our general results (Theorem 1.3 
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and Theorem 1.4), and discuss the ideas involved in proving these results. 
In Section 2, for convenience we borrow some propositions and observa- 
tions from [ 15, 111 on discriminants, Artin conductors, and class func- 
tions. These are stated without proofs. In Section 3, we first recall the 
various effective versions of the Chebotarev density theorem from [6, 7, 
1.51. Then in Section 3.3 we give an improved version of this effective 
theorem in the case of abelian extensions. The improvement is not in the 
error term. On the contrary, what we do is to relax other conditions by 
weakening the error term. This simple idea will be the crucial point for us 
to improve (0.1) and prove (0.2). Finally, in Section 4, we begin our proof 
starting with a reduction step, which reduces the problem under considera- 
tion to the case of abelian extensions. Combining the l-adic representations 
and our effective version of the Chebotarev density ‘theorem gives the proof 
of our results. 
1. OLD AND NEW RESULTS 
Old and new results are introduced in Sections 1.1 and 1.2, respectively, 
corresponding to the elliptic curve case and the modular form case. 
Section 1.3 is devoted to the discussion of the various methods used in 
proving these results. 
1.1. Elliptic Curves 
f 
Let E be an elliptic curve defined over Q, SE the set of bad primes for 
E. SE is a finite set. If p is a prime number not in SE, we let f?(p) be the 
reduction of E at p, aP be the Frobenius endomorphism of E(p), and up be 
the trace of a,,. It is well-known that 
a,=~+ 1 -N,(E), (1.1) 
where N,(E) is the number of points of E;(p) over the finite field Fp. 
Let h be a given integer. If x is a real number 22, put 
~E,h(x)=I(P~~> P4&,Qp=ql* (1.2) 
One is interested in the asymptotic behavior of z&x) as x + co. Note 
that ap = 0 if and only if E(p) is supersingular for p 2 5. 
We first recall the relevant known facts in this direction. 
If h = 0 and E is a CM curve, a classical result of Deuring [4] implies 
that 
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this means that the set of supersingular primes has density 4 in the set of 
primes. 
In the remaining cases (i.e., h # 0 or E is a non-CM curve), Lang and 
Trotter [8] have conjectured that 
Jr; 
where CE,h is a constant (possibly zero) depending only on E and h. 
(1.4) 
The first non-trivial result was observed by Serre [ 131 in 1968: If E is 
a non-CM curve, then 
~EJI(X)‘O & (x-+00). ( > 
THEOREM 1.1 [15, Theorem 201. Suppose E does not have complex 
multiplication. Then 
(i ) Unconditionallv, 
O(x/(log X)+-e), if h= +2; 
71&X) = 
i 
O(x/(log x)4/3 ~ “), if h# +_2; (1.6) 
O( x/(log x)3/2 - “), if h=O. 
(ii) Assume the GRH, then 
i 
0(x”*), if h= +2; 
XE.h(X) = 0(x59, if h# F2; (I.71 
0(x3/4), if h=O. 
Quite recently (1988), M. R. Murty, V. K. Murty, and N. Saradha [ 111 
(we shall refer to them as MMS in the sequel) have improved the above 
theorem of Serre in the GRH case. That is, they prove 
In the following, for convenience we shall use the GRH to denote the 
Generalized Riemann Hypothesis for all Dedekind zeta functions. 
In 1981, Serre [ 151 improved his result, and showed the following 
THEOREM 1.2 [ll, Theorem 4.21. Suppose E does not have complex 
multiplication. Assume the GRH. Then 
It&X) = 0(X4’S). (1.8) 
Remark. Theorem 1.2 is proved by MMS only in a version for modular 
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forms (see Section 1.2). However, the elliptic curve case can be proved 
similarly. 
Under a much stronger condition than the GRH, V. K. Murty [lo] 
(1985) proved that 
TL&X) = o(x3’4+E). (1.9) 
Our main purpose here is to prove the following unconditional results. 
THEOREM 1.3. Suppose E does not have complex multiplication. Then 
7CdX) =o ( (,og;y)* (1.10) 
THEOREM 1.4. Suppose E has complex multiplication and h # 0. Then 
~d-4 = 0(x exp( -cE Jiogx)). (1.11) 
Remarks. (i) With the same conditions as in Theorem 1.4, by assuming 
a stronger hypothesis than GRH, V. K. Murty [lo] proved that 
7cE,&(X) = O(X”2+E). (1.12) 
(ii) As for the lower bound, if E does not have complex multiplica- 
tion, then one knows (Elkies [S], 1987) that lim,,, B-&X) = co; i.e., 
there are infinitely many supersingular primes for E. Assuming the 
generalized Riemann hypothesis for all quadratic characters, Elkies 
(Harvard Ph.D. thesis, 1987) proved that 
ZE.O(X) 9 log log x. (1.13) 
Note that Elkies’ results are true only in the case h = 0. 
1.2. Modular Forms 
Let N 2 1, k 2 2 be integers (the level and weight, respectively); let f’,(N) 
be the subgroup of S&(Z) consisting of matrices (z f;) such that c 3 0 
(mod N). As usual, let M(N, k) (resp. S(N, k)) be the complex vector 
spaces of modular forms (resp. cusp forms) of weight k for T,(N). Recall 
that if f E M(N, k), then 
az + b f( > zd = (cz + 4’f(4 (1.14) 
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for all 
If f is non-zero, then k must be even. Moreover, f has a series expansion 
at infinity: 
f(z)= C a,q”, 4 = eZnizlN (1.15) 
fl30 
which is convergent for all z such that Im(z)>O. 
Let f(z) E S(N, k) be a normalized eigenform for all Hecke operators T,,, 
p J N. For simplicity, we also suppose that the a, are rational integers 
(otherwise, one needs to use A-adic representations instead of I-adic 
representations in the following discussion). Given an integer h, let 
7rrih(x)= l(p<x: a,=h)l. 
If h = 0 and f is of CM type in the sense of Ribet [12] (i.e., there is an 
imaginary quadratic field L such that aP = 0 for all primes p which are inert 
in L), then one knows that 
~JO(X) 
1 x 
N--- 
2logx’ 
(1.16) 
In the remaining cases (i.e., h # 0 or f is of non-CM type), Lang and 
Trotter [S] have conjectured that 
if k=2; 
if k 2 4, 
(1.17) 
where C,-, is a constant (possibly zero) depending only on f and h. 
In analogy to the elliptic curve case, iff is not of CM type, Serre showed 
that Theorem 1.1 is true with z~,~(x) replaced by rrLh(x). In [11] MMS 
showed that Theorem 1.2 is true with nE,Jx) replaced by nf,Jx). In this 
paper, we can also prove 
THEOREM 1.5. Suppose f is not of CM type, then 
Remarks. (i) For simplicity, we shall prove only Theorem 1.3 in detail 
to illustrate the method. The proof of Theorem 1.4 is briefly sketched at 
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the end of this paper. The proof of Theorem 1.5 is similar to that of 
Theorem 1.3. We shall indicate the places where the proof needs moditica- 
tion and give alternative arguments. In particular, in the case of modular 
forms, one needs to use Deligne’s I-adic representation and Ribet’s theorem 
on the image of the representation. For some related results in the case 
k = 1, see Deligne and Serre [3] and Serre [15]. 
(ii) In analogy to the elliptic curve case, iffis of CM type and h # 0, 
then we can prove that (1.11) is true with n&x) and cE replaced by 
no&) and cf3 respectively. This can be done by using a result of Ribet 
[12, Proposition 4.41 on the image of the I-adic representation and 
Corollary 3.6 of Section 3.3 below. The proof is even easier, because in this 
case we are essentially considering abelian extensions, we can directly apply 
Corollary 3.6 below without using the reduction step in Section 4.1. 
1.3. Basic Idea of the Proof 
In this section, we briefly sketch and discuss the main ideas used in 
proving Theorems 1.3 and 1.5. 
(a) Let E be an elliptic curve defined over Q, Elm be the I” torsion 
subgroup of E. Let Kim be the finite Galois extension of Q obtained by 
adjoining the coordinates of elements of El,,,. The Galois group acting on 
Elm N (Z/lmZ)2 defines a representation 
P,~: Gal(&/Q) + GL2(Z/fmZ). (1.19) 
If p # I and p is a good prime for E, this representation is unramitied at p, 
and one has 
Tr Pdcp) =ap, det plm(op) = p (mod I”‘). (1.20) 
The basic idea is to apply effective versions of the Chebotarev density 
theorem to these representations. In his proof, Serre uses the representa- 
tions plm for only one prime 1 (depending on h) and varying integers m. In 
their proof, MMS use the representations pI for varying large primes I 
(depending on x). In the present paper, we shall use the representations pi 
for varying small primes I (depending on x). 
(b) As remarked by MMS [I1 ], the effective versions of the 
Chebotarev density theorem in [6,7] can be significantly improved in the 
case of abelian extensions. In the GRH case, MMS have given an improved 
version (having a sharper error term) of the effective Chebotarev theorem 
by assuming Artin’s conjecture that the Artin L-functions are holomorphic 
(in particular, this is the case if the extension is abelian, by class field 
theory). This is a crucial point and makes it possible for them to improve 
the first two estimates of (1.7) and prove Theorem 1.2. In the unconditional 
case, one can similarly follow the proof in [6] and get an improvement of 
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the effective Chebotarev theorem for abelian extensions. But this result can 
improve only the first two estimates of (1.6) as MMS did for (1.7) not the 
third one (i.e., (0.1)). Our approach here is not to improve the error term. 
On the contrary, what we will do is to relax other conditions by weakening 
the error term. The best such balance makes it possible for us to improve 
all the estimates of (1.6) not just the first two, thereby proving Theorem 1.3 
and Theorem 1.5. 
(c) Artin L-functions are invariant under induction and extension of 
the associated characters. This property allows one to reduce the problem 
under consideration to the case of abelian extensions if the images of the 
Frobenius elements always have distinct eigenvalues in the coefficient field 
(ring) of the representation. This condition is not always satisfied unfor- 
tunately, for example, in the case h = 52. That is why Serre could not 
improve the case h = 12 in his Theorem 1.1. The difficulty can in fact be 
overcome by elementary means. In the GRH case, MMS give a simple 
reduction lemma which shows that in the GRH case one only needs to 
consider those Frobenius elements whose images have distinct eigenvalues. 
This lemma together with the effective Chebotarev theorem given in [6] 
can already be used to improve Theorem 1.1 in the GRH case to the extent 
that the second estimate of (1.7) is also true for h = + 2. However, MM% 
reduction lemma does not work in the unconditional case. Using a com- 
binatorial argument, we can devise another reduction lemma which shows 
that in the unconditional case one also only needs to consider those 
Frobenius elements whose images have distinct eigenvalues. Similarly, this 
reduction lemma together with the effective Chebotarev theorem given in 
[7] can already be used to improve Theorem 1.1 in the unconditional case 
to the extent that the second estimate of (1.6) is also true for h = + 2. 
Remark. All constants in this paper are absolute, except when 
otherwise stated. The same symbol may denote constants with different 
values in different places. 
2. PRELIMINARIES 
In this section, we recall some basic facts from Serre [15] and MMS 
[ 111, mainly concerned with the estimates of discriminants and Artin 
conductors, and also some observations about the invariance of class 
functions under induction and extension. 
2.1. Discriminan ts 
Let K be an algebraic number field of degree nK over Q, d, be the 
absolute discriminant of K, and P(K) be the set of prime numbers p such 
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that K is ramified at p, i.e., those p such that p 1 dK. The following proposi- 
tion provides a good estimate for log dK. For a proof, see Serre [15, 
Proposition 61. 
PROPOSITION 2.1. Let K/Q be a finite extension, then 
log dK < (n, - 1) c log P + nK IW)I log nK. 
PEP(K) 
Moreover, if K/Q is Galois, then 
y C logpdlogd,,<n,logn,+(n,-1) c logp. 
PEP(K) PEP(K) 
2.2. Conductors 
(2.1) 
(2.2) 
Let L/K be a finite Galois extension of degree n with Galois group G. If 
x is an irreducible character of G, we use F, to denote the Artin conductor 
for the Artin L-function L(s, x). For a precise definition of Artin conduc- 
tors, see Martinet [9]. F, is an ideal of K. The following estimate is similar 
to Proposition 2.1. For a proof, see MMS [ll, Proposition 2.5 J. 
PROPOSITION 2.2. Let P(L/K) be the set of rational primes p such that 
there is a prime ideal of K lying above p which is ramified in the extension 
L/K. Let N,, denote the norm from K down to Q and n = [L : K]. Then 
logWKjQ(Fx)) G Mlh 
i 
c logp+logn . 
1 
(2.3) 
P E J’(LIK) 
In the functional equation of the Artin L-function L(s, x), recall that 
there is a factor 
We let 
A, = dY,‘lfNK,p(FX). 
A*(L/K) = max A,, 
X 
where the maximum is over all irreducible characters of G = Gal(L/K); and 
we set 
log A(L/K) = 3~2, 
1 
C log P + IP(L)I log nL . 
Ii 
(2.4) 
PPPCL) 
If L/K is abelian, then x( 1) = 1. So, combining Propositions 2.1 and 2.2, we 
have 
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PROPOSITION 2.3. Let L/K be an abelian extension of degree n. Then 
max log A *( L/K), L log d, <log A(L/K). 
2.3. Class Functions 
Let G be a finite group, and C a conjugacy class of G. Let dc be the 
characteristic function of C and g, be an element of C. The orthogonality 
relations for characters show 
where the sum is over all irreducible characters of G. 
Let H be a subgroup of G, and s an element of H, Let C, = C,(s) and 
C= C,(s) denote the conjugacy class of s in H and G, respectively. Let dc,, 
be the characteristic function of C, in H. Then q5=, induces a class function 
4 on G, that is, 
From the definition of induction, we see that d(g) = 0 if g 4 C and so 
45 = k&1,. The value of I can be computed by Frobenius reciprocity: 
;1= IC,I IG( IHI -I ICI -I. (2.5) 
Now let L/K be a Galois extension of number fields, with Galois group 
G. For each place w  of L, let D, and I, denote the decomposition and 
inertia groups at w, respectively. For each place u of K, let 0” E D,/Z, 
denote the Frobenius element of some chosen places w  above U. This is a 
conjugacy class if u is unramified. Let 4 be a complex valued class function 
on G, define 
+1= c $~,L 
N7Y”g-Y 
where the sum is over all places u of K and all m = 1, 2, ..., N denotes the 
norm map from K to Q, and if u is ramified in L, &a:) denotes the average 
u/IhvlE,-opw. 
Similarly, define 
where the sum is over all places v of K unramilied in L. 
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The following two properties are easily verified, see [15, Propositions 7 
and S]. The first one says that the difference 77Jx)- n,(x) is negligible, 
more precisely, 
PROPOSITION 2.4. Let 141 = s~p,~,o I&s)l. Then 
( i 
1 
E,(x)=714(x)+O 141 JGJlog&+n,x 112 
I) 
* 
The next proposition says that ii,(x) is invariant under induction and 
extension. 
PROPOSITION 2.5. (a) Let H be a subgroup of G, qSH a class function on 
H, and 1,4~ = Indz 4H the class function on G induced from bH. Then for all 
x22, 
q&) = ‘I?&). (2.7) 
(b) Let H be a normal subgroup of G, 4oIH a class function on G/H, 
and let do be the class function obtained by composing boIH with the map 
G --f G/H. Then for all x 2 2, 
&a,(x) = fi,,(x). (2.8) 
3. EFFECTIVE VERSIONS OF THE CHEBOTAREV DENSITY THEOREM 
In this section, we recall the Chebotarev density theorem and some of its 
effective versions. In the case of abelian extensions, we give an improve- 
ment (Theorem 3.3). 
3.1. Chebotarev Density Theorem 
Let L/K be a Galois extension with Galois group G. We keep the nota- 
tion of Section 2. In particular, we put 
nK=CK:Ql, nL=CL:Ql, n=[L:K]=IGJ 
and we let P(L/K) be the places of K which are ramified in L. If v is aTplace 
of K unramified in L, and if w  is a place of L lying above v, we use ow to 
denote the Frobenius substitution of w; this is the unique element s of G 
such that 
s(a) z aN” (mod RJ 
for all integers a in K, where P, is the prime ideal of L corresponding to w. 
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The conjugacy class of rr, depends only on 21, so in practice one often 
uses u, to denote the conjugacy class or even an element of the conjugacy 
class. 
Let C be a subset of G stable under conjugation, let C, be the set of 
unramified places u such that cr” E C. 
If x is a real number 2 2, denote the number of primes p (resp. p E C,) 
such that p <x by Z(X) (resp. xc(x)). To say that Z‘, has density I means 
lim 7rc(.x)/x(x) = i., 
.Y * ,clz 
in other words, by the prime number theorem, 
n=(x) = Ax/log x + o(x/log x). 
Chebotarev proved the following density theorem conjectured by 
Frobenius. 
THEOREM 3.1. The set .Zc has density IC(/lGl in the set of primes. 
3.2. Effective Forms of the Chebotareu Density Theorem 
Recall that the Dedekind zeta function of the field L has at most one 
positive real zero s such that 
1 
l>sbl-p 
4logd; 
If such a zero exists, it is called exceptional, and is denoted by /IO. 
THEOREM 3.2. Let L be any number field, and x be any real number > 2. 
(a) lf 
log x 9 nL log’ d,, (3.1) 
then there is an absolute constant c such that 
n&x) - lC’ ’ E Lz(x) <E Li(+) + O( (Cl x exp( -en; i” log’12 x)), (3.2) 
where ICI denotes the number of conjugacy classes contained in C, as usual 
Li( x) = jI: dt/log t -x/log x, and the first term on the right is replaced by 
zero if f10 does not exist. 
(b) lf- 
log x >> (log d,)(log log d,)(log log log 6d,), (3.3) 
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then 
(3.4) 
(c) Assume GRH, then 
xc(x) -y Li(x) 4 / x1/2(log dL + nL log x). (3.5) 
Remark. (a) is directly from Lagarias and Odlyzko [6]. (b) is a result 
of Lagarias, Montgomery, and Odlyzko [7]. This form of (c) is due to 
Serre [lS] 
3.3. An Improvement in the Case of Abelian Extensions 
In certain cases, the results in 3.2 can be significantly improved. For 
example, Serre [15, Theorem 71 has improved the results (b) and (c) in 
special cases. Assuming Artin’s conjecture on the holomorphy of L-series, 
MMS [ll] get a better improvement in (c). Their improvement is in the 
dependence of the error term on C. For our purpose, we shall improve 
results (a) and (b) only in the case of abelian extensions, for which Artin’s 
conjecture is automatically true. The improvement is not in the error term. 
On the contrary, we shall want to relax the conditions (3.1) and (3.3) by 
weakening the error term. 
Note that the method used in [6] to prove (a) can also be used to give 
a simple proof of (b) directly from the formula (3.11) below developed in 
C61. 
THEOREM 3.3. Let L/K be a finite abelian extension with Galois group G, 
C a union of conjugacy classes. In this case, C is simply a subset of G. For 
any E > 0, there is a constant C(E) = c such that if 
then 
log A( L/K) & log’ - ” x, (3.6) 
z,(x)-{Li(x) <{Li(xBo)+O(lCi xexp(-clog&x)), (3.7) 
where a,, is the exceptional zero (see Proposition 3.4 below) and A(L/K) is 
defined in (2.4). 
To prove this theorem, we start with the following. 
PROPOSITION 3.4. Let L/K be afinite abelian extension and nL > 1. There 
is an absolute constant c such that 
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(i) CL(s) has no zeros p = /I + iy in the region 
Iyl 2 (clog A*(L/K))-I, p2 1 -c(logA*(L/K)+n,log(I~I +2))-‘. 
(3.8 ) 
(ii) CL(s) has at most one zero p = fl+ iy in the region 
Iyl < (c log A*(L/K))r’, fl>, 1 -c(logA*(L/K))-‘. (3.9) 
This zero, if it exists, has to he real and simple, it is called the exceptional 
zero and is denoted by /IO. Recall that A*(L/K) = max A,. 
ProoJ It has been pointed out by Lagarias and Odlyzko [6, p. 4521 
that Proposition 3.4 can be proved in the same way as Lemmas 8.1 and 8.2 
of [6]. Here we shall use another result of Lagarias, Montgomery, and 
Odlyzko [7, Lemma 2.31 which states that the proposition is true for any 
Hecke L-function L(s, 1). Since L/K is abelian, by class field theory, this 
means that the proposition is also true for abelian Artin L-functions. We 
recall that 
where the product is over all irreducible characters of G. Now, to conclude 
the proof, one needs only to show that at most one of the Artin L-functions 
L(s, x) has an exceptional zero in the given region. This is accomplished as 
in Davenport [ 1, Chap. 143 using a classical idea of Landau, which shows 
that, if for two characters K, and x1, L(s, 1,) and L(s, xz) have exceptional 
real zeros /3, and &, respectively, then min( /3,, PI) is outside of the region 
(3.9). 
PROPOSITION 3.5. Let L(s, x) be an abelian Artin L-function, and let 
N(t, x) denote the number of zeros p = /I + iy qf L(s, x) in the region 
0 < /!I < 1, (y - tj < 1. Then 
N(t,~)~logA*(L/K)+n,log(Itl+5). (3.10) 
For the proof of this proposition, see [7, Lemma 2.11 and MMS [ 111. 
Proof of Theorem 3.3. The proof is essentially the same as in [6], 
except that we shall use the better zero-free region given in Proposition 3.4, 
the better estimate for the distribution of zeros given in Proposition 3.5, 
and, most importantly, we shall choose the best value of the parameter T 
for our purpose. To be more precise, we describe the essential elements of 
the proof as follow. 
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Without loss of generality, we may assume that C consists of only one 
conjugacy class. In our case, C is simply one element of G. Let 
where the sum is over prime ideals P of K such that P is unramified in L/K 
and over m = 1, 2, . . . . From [6, p. 4501, one has 
1 xlogx+ T 
w)-~x+s(x7 T)< T log 4LIK) 
where 
(3.12) 
for all x > 2 and T > 2, and the inner sum in the last bracket is over all 
non-trivial zeros p (0 < /? < 1) of L(s, x). 
Remark. In (3.11), we have replaced (l/IG()logd,, (l/lGl)nL by 
log A(L/K), nK, respectively. There is no problem in doing this by Proposi- 
tion 2.3. The same proposition shows that we can replace log A*(L/K) by 
log A(L/K) throughout the following discussion. 
If p = fi+ iy #/?,, is a non-trivial zero of L(s, x) with IyJ < T, then 
Proposition 3.4 shows that 
(XpI =x@<xexp -c 
log x 
lo&A (L/K) TnK) > 
for x22, T32. 
As in [6, p. 4591, Proposition 3.5 implies that 
e JGJ log Tlog(A(L/K)TnK). 
In addition, 
(3.13) 
(3.14) 
4 x1’* log x IGJ (log A(L/K))*. (3.15) 
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This last inequality is true because (i) if p # 1 -/IO, then Proposition 3.4 
and the functional equation of L(s, x) shows (~1 2 (clog A(L/K))-‘, and 
we then apply Proposition 3.5; (ii) if p = 1 - &,, then by the mean value 
theorem. 
p/k 1 
---=xx”logx~“X’~‘logx, 
l-P0 l-P0 
for some 0 < 0 d 1 - PO. 
Hence, (3.13) (3.14) and (3.15) together give 
log X 
log(A(L/K) T”K) > ’ 
(3.16) 
where x0 is the unique character (necessarily quadratic) for which L(s, x) 
has an exceptional zero (if it exists); if there is no such exceptional zero, 
then the second term on the left is replaced by zero. 
Now, we choose T satisfying 
log(A(L/K) T”K) = log’ -‘x. (3.17) 
Recall that nK <log A(L/K) (by (2.4)). So, if 
log A( L/K) 4 log’ ~ 2c X, 
then 
T=exp 
log’-” x - log A(L/K) 
>> exp( c log” x). 
nK 
(3.18) 
(3.19) 
Substituting in (3.16) and (3.11), we find 
1 1 
w)=Ic;(x+~xo(c) Bo ?f! + 0(x log4 x exp( -c log” x)) (3.20) 
provided x satisfies (3.18). 
Using the well-known Abel summation technique, one deduces that 
Theorem 3.3 holds. 
Remark. To get the best error term for (3.20) one must choose E = l/2 
in (3.17), as one usually does. But then (3.18) would be much more restric- 
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tive. However, one sometimes needs such a sharp estimate, in fact, (1.12) 
can be proved using this estimate. So, we state this result as a corollary. 
COROLLARY 3.6. We keep the same assumption as in Theorem 3.3, but 
we let nK be fixed (smaller than some absolute constant). Then for any 
constant c>O, if 
log A(LjK) $c G, (3.21) 
then 
n,(x)-zLi(s) <~Li(xBO)+O(lC~ xexp(-c&)). (3.22) 
In our proof of Theorem 1.3, we shall use the following 
THEOREM 3.7. Let L/K be a finite Galois extension with Galois group G, 
and let C be a union of conjugacy classes. Let H be a normal subgroup of 
G such that the quotient group G/H is abelian and HCZ C. If 
log A( L/K) < log’ ~ ” x 
then 
Q.(X) 6: Li(x)+ JC’l xexp( -clog&x) log A(L/K). (3.23) 
Proof: Let c be the image of C in G/H. It is a union of conjugacy 
classes of G/H. Let K’ be the fixed field of H; we now apply Theorem 3.3 
to the abelian extension K’/K, and deduce that 
nc(x)<w Li(x)+lCl xexp(-clog&x), 
provided that 
log A( K’/K) < log’ - *’ x. 
Since HC& C, then I%[ JHI = ICI. By Proposition 2.4, Proposition 2.5, 
and Proposition 2.1, we conclude that 
< g Li(x) + ICI x exp( -c log” x) log A(L/K). 
The theorem is proved. 
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4. ESTIMATE OF n&.x) 
In this section, we turn to the proof of Theorem 1.3. But first we need to 
develop an elementary reduction step which reduces the problem under 
consideration to the case of abelian extensions. 
4.1. A reduction Step 
We now give a reduction lemma which shows that we only need to 
consider those Frobenius elements whose images have distinct eigenvalues. 
As before, let E be an elliptic curve defined over Q, I be an given odd 
prime, and K, be the number held obtained by adjoining the coordinates of 
I-torsion points of E. Consider a Frobenius element bP of K,. Recall that 
Tr ~,(a,) = apt det p,(oP) = p (mod I). (4.1) 
Suppose that aP = h, then ~,(a,) will have distinct eigenvalues in Z/lZ 
provided that 
where ( ./I ) is the Legendre symbol. So, we define 
LEMMA 4.1. Let II < 1, < . . . < 1, be any t odd primes < x, then 
X&h(X) 4 i 
i= 1 
n,,Jx)+~+2”‘1:. 
(4.2) 
(4.3) 
COROLLARY 4.2. Let I, c I, -=c ... < 1, be any t odd primes 
<exp(log x/2t). Given any constant B> 0, if we take the integer t N 
(2/lag 2) B log log x, then 
~E,hb) 4 f: %,,(X) + 0 & 
i= 1 ( > 
(4.4) 
Remarks. (i) Suppose that the estimate (1.10) is true for x~,[(x) for 
all 1 satisfying 1- log’ e-E x = O(B log log x), then Theorem 1.3 follows 
immediately from Corollary 4.2. 
(ii) Heuristically, it is easy to see that Lemma 4.1 should be true. 
From the definition of n,.,(x), we know that the primes distributed in 
about half of the arithmetic progressions mod 1 are counted in YE&.X). If we 
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take t different odd primes 1, these t events should be independent, and the 
number of primes in rc&x) which are not counted in any of the t numbers 
x&x) should be less than 0(x/2’). We now give a rigorous proof. 
Proof of Lemma 4.1. Let I, -C I, < . . . < I, be any t odd primes < x, and 
let M,(x) be the number of primes p such that p d x and ((h* - 4p)/ZJ # 1 
for any of the Zi, i.e., the number of primes in the range p i x which are not 
counted in any of K~,,,(x). Then 
~E,h(X) + i %,JX) + M,(x). (4.5) 
i=l 
To estimate M,(x), we introduce a weight function w,(p) on the set of 
primes. Given a prime p, let ((h* - 4p)/lJ = 1, 0, - 1 for respectively tl(p), 
t*(p), t3(p) primes Zi. So, t, + t, + t, = t. Define 
Let 
W,(x)= 1 W,(P). 
P<X 
Then 
where L,=lt . * * I, 4 I:. The last sum in the big-0 term is trivially smaller 
than O(d) < O(L,), because the sum over a complete residue system mod d 
is zero. (Note that in the case of modular forms, h* - 4p and h* - 4n should 
be replaced by h* -4pk-I and h2 -4nk-‘, respectively, which are not 
linear in general. Since 2 (k, it is possible for us to choose only primes li 
such that li - 1 and k - 1 are relatively prime. Then it is easy to see that 
the sum over a complete residue system mod d is still zero. The rest of the 
argument is similar.) Thus, 
W,(x) 6; + O(L,). (4.8) 
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Let M:(x) be the number of primes p such that p <x and r*(p) 2 t/2 (i.e., 
((h2 - 4p)/li) = 0 for at least t/2 primes Z;). By (4.6) and (4.7) 
M,(x) - M;(x) < 2~~2W,(s). (4.9 ) 
Now, by definition, one has 
Combining with inequalities (4.8) and (4.9), we get 
x 
M,(.x)bp+O 
( 
x 
2’l’L,+2’L,z . 
> 
(4.10) 
Since Ii b 24 except for the first 5 primes, so, 
Inequality (4.5) together with (4.10) shows that Lemma 4.1 is true. 
4.2. Proof of Theorems 1.3 and 1.4 
Proof of Theorem 1.3. Let E be an elliptic curve defined over Q, and S, 
be the set of bad primes for E. Let N = npeSEp. If 1 I$ S,, let E, be the 1 
torsion subgroup of E. Let K, be the finite Galois extension of Q obtained 
by adjoining the coordinates of elements of E,. The action of the Galois 
group G gives an injection 
p,: Gal(K,/Q) -+ GL,(.Z/ZZ). (4.11) 
By a theorem of Serre [ 143, we may suppose G= GL,(Z/IZ) if I > C,, a 
constant depending only on E. (In the case of modular forms, using 
Deligne’s I-adic representation and a theorem of Ribet, we know that the 
corresponding group G is the subgroup of GL,(Z/IZ) consisting of those 
elements whose determinants are (k - 1)st powers mod I (if I> C., ). 
Because, in the case of modular form, we would choose 1 such that 
(1- 1, k- l)= 1, we can still suppose that G= GL,(Z/IZ) is true for 
I> Cs). In the following, we assume that I > C,. 
Recall that if p # 1 and p is a good prime, then 
Tr ~,(a,) = up, det ~,(a,) z p (mod I). 
Suppose that up= h, then the condition ((h”--4p)/l) = 1 means that ~,(a,,) 
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has distinct eigenvalues in Z/E, so that p/(0,) is conjugate to a diagonal 
element of G. 
Let 
I-={~EG: g=(; ;), a#/?, ct+Ph (modI) , 
B={geG:g=(; I)}, 
and 
(4.12) 
(4.13) 
(4.14) 
c= iJ G(Y), 
VET 
(4.15) 
where C,(y) is the conjugacy class of y in G. 
Note that H is a normal subgroup of B such 
HC c C. We are going to apply Theorem 3.7 to 
that B/H is abelian and 
the finite extension L/K, 
where L = Ki and K is the fixed field of B. Note that nK < 1. In the 
following, C,(y) denotes the conjugacy class of y in B. 
The above discussion shows that 
%7,,(x) -4 v(x). 
Thus, our problem is to estimate rcC(x). We observe that 
m 6 1, 
(4.16) 
(4.17) 
lCB(Y)l 1 
-=(1-1)2 12 PI 
==I+0 +, 
0 
IG(Y)I 1 1 1 -=jqs=p+o TJ. IGI 0 
(4.18) 
(4.19) 
Let ~CW (rev. 4~3~ ) be the characteristic function of C,(y) (resp. C,(y)). 
By (2.5), (4.18), and (4.19) we have 
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Noting that the matrices diag(a, b) and diag(b, a) are similar, Proposi- 
tions 2.5 and 2.4 thus imply that 
=c n,,,,.,(x)+O(Ilog1+I.u’;‘). (4.20) 
;IE r 
If we take 1 such that I- log’ ~ 3E x, then by Proposition 2.3. 
logA(L/K)@I IS,1 log(Nl)$log’-‘“X. 
So, by Theorem 3.7, the right side of (4.20) is 
< $! C(x) + 13x exp( -c log” x) log(M) 
6 f WX) + 14x exp( -C log& .u) 
x 
6 
log2 - 3E x’ 
By (4.16) we then have 
where the only condition on 1 is that I > C, and I- log’ ~ 3E X. From this, 
along with Corollary 4.2, we conclude that 
for a different E. This proves the theorem. 
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Proof of Theorem 1.4. Let F be the complex multiplication field 
associated with the elliptic curve E. In the notation of the proof of 
Theorem 1.3, we know that Gal(K,/FnK,) is an abelian group of order 
-1’. Now, we apply Corollary 3.6 to the extension K,/Fn K, and take the 
prime 1 such that log l- c &. Using similar reasoning as in the proof 
of Theorem 1.3, we see that Theorem 1.4 holds. 
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